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Aeroacoustic Boundary Element Method Using
Analytical/Numerical Matching
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A uni® ed aeroacoustic boundary element theory has been formulated using analytical/numerical matching

(ANM). ANM is a hybrid scheme combining a low-resolution global numerical solution with high-resolution local
solutions to form a composite solution. ANM is applied to problems in unsteady aerodynamics and aeroacoustics.

This includes both two and three dimensions for lifting surfaces in unsteady, compressible, irrotational ¯ ow to
calculate the unsteady aerodynamic loading and the associated acoustic ® eld. The solution procedure utilizes

overlapping smoothed doublets and local corrections to calculate the doublet strength distribution on the surface
of the boundary in question. In ANM, a smoothing length scale is introduced that is larger than the length scale of

numerical discretization and smaller than the largest physical scale. The global low-resolution solution is calculated
numerically using smoothed doublet solutions to the convective wave equation, and it converges quickly. Local

corrections are done with high-resolution analytical solutions. The global numerical solution is asymptotically
matched to the local analytical solutions via a matching solution. The matching solution cancels the global solution

in the near ® eld, and cancels the local solution in the far ® eld. The ANM composite solution gives both the surface
pressure distribution and the radiated acoustic ® eld. The method is very robust, offering insensitivity to control

point location. No explicit wake geometry is assumed; therefore, a ® xed or free wake model can be used. ANM
provides high-resolution calculations from low-resolution numerics with analytical corrections, while avoiding the

subtlety involving singular integral equations, and their numerical implementation.

Nomenclature
Ak j , Bk j , Dk j = in¯ uence coef® cient arrays
a 1 = speed of sound
b = subscript to denote body
C = chord
c0 = edge constant 1
c1 = edge constant 2
D = phase radius
Ds = smoothed phase radius
ds = doublet spacing
H m

n = Hankel function of the mth kind of order n
k = freespace wave number, x / a 1kr = reduced frequency, x C/2U 1L = local solution
M = Mach number, U 1 / a1M = matching solution
n = normal coordinate direction
p = point in space (x , y, z)
p = position vector
R = amplitude radius
Rs = smoothed amplitude radius
r = p [(x/ b )2 + r 2

c ]
rc = smoothing length scale
S = surface
Smod = subsurface
t = time
U 1 = freestream velocity
vn = normal velocity
Åvn = harmonic normal velocity
w = subscript to denote wake
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x , y, z = ® eld point Cartesian coordinates
b = p (1 ¡ M2)
c = M/ b = M/ p (1 ¡ M2)
D r = change in position vector
h = arctan( b rc/ x)
k = wavelength
l = doublet strength density
n , g , f = source point Cartesian x , y, and z, coordinates,

respectively
r = source strength density
s = D/a 1s s = smoothed phase radius
} = velocity potential
Å} = harmonic velocity potential
x = frequency

I. Introduction

P ANEL methods,1 or singularity methods, are a cornerstone of
modern aerodynamic analysis. These methods construct aero-

dynamic ¯ ow® elds from the superpositionof simple building-block
solutions of the governing equations distributed over the body sur-
faces. The appropriate strengths of these elementary solutions are
determinedby the applicationof surfaceboundaryconditions.Panel
methods are used to analyze compressible,steady and unsteady,po-
tential ¯ ow over wings and bodies for a variety of applications in-
cluding: performance, loads analysis, aeroacoustics, aeroelasticity,
vibration, and interactional and interference effects.

Although these methods have been in use for a number of years,
and havebeen the subjectofmuch researchand re® nement, theypos-
sess signi® cant shortcomings. Zero thickness lifting surface meth-
odscanbeverysensitiveto the locationof the controlpointsat which
the boundaryconditionsare applied.Certain rules, such as the well-
known 1

4 ¡ 3
4

chord rule for vortex lattice, must be strictly adhered to
or incorrectanswerswill result.2 Panels must be of regularshapeand
arrangement, partly because of this sensitivity. Problems may arise
when panel sizes or orientationsvary rapidly,when panelsmust also
be compatiblewith a separate grid for structural analysis, and when
other surfaces or wakes are in close proximity. Many of these prob-
lem have been addressed with higher-order panel techniques,3±5

however, only in the context of steady aerodynamics. The analysis
of free wakes by these methods poses a particular problem because
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wake motion leads to irregular distortion of the constituent panels,
and their proximity and orientation relative to other panels on aero-
dynamics surfaces is dif® cult to anticipate. Another limitation is
that steady and unsteady loading contributionsmust be handled by
separate means and that unsteady analysis is typically restricted to
the frequencydomain for compressible¯ ow. Finally, there are other
dif® culties and subtleties associated with their implementation. In
general, these methods are the numerical embodiment of a singular
integral equation having a kernel function whose discretization is
open to interpretation,leading to possible ambiguity in the meaning
of computed results.

This paper presents a novel aeroacoustic boundary element
method. The solution methodology is a uni® ed approach to aeroa-
coustics. Unlike many other popular aeroacoustic computational
schemes, the methodology presented does not involve a patch-
workof differentcomputationalmethods,e.g., a localcomputational
¯ uid dynamic solution (® nite difference scheme, or ® nite element
scheme) patched to a Kirchhoff acoustic radiation calculation. The
entire calculation is uni® ed. This consistent aeroacoustic treatment
is achieved by our novel boundary elements themselves. The fun-
damental element used in the method includes the physics of both
the acoustics and the ¯ uid dynamics. This results in a consistent
formulation of the aeroacousticproblem, within the framework of a
relativelysimple model. In fact, free wake effectscan be includedin
the model with only slight modi® cations in the methodology itself.

The methodology is simple and as presented for ¯ at plate and
rectangularwing aerodynamics is not intended to offer an immedi-
ately viable solution methodology for the aerospace industry; how-
ever, we believe the method has potential for future development
and eventuallymay provide an ef® cient design tool. The methodol-
ogy is easily extensible to include thickness effects and also can be
used in conjunction with a structural analysis methodology (® nite
element method or some other scheme) to include blade structural
dynamics. Presently, work is underway for a time domain version
of the scheme.

As such, the present research involves a novel and innovative re-
formulation of the fundamental approach to singularity methods,
with the goal of alleviating some of the shortcomings and dif® cul-
ties associated with the traditional approach. The basis for this re-
formulation is a new analysis technique called analytical/numerical
matching (ANM).

II. ANM
ANM6±14 is a hybrid technique that combines analytical and nu-

merical solutions by a matching procedure. ANM allows a global
low-resolution numerical solution and a local high-resolution ana-
lytical solution to be combined formally by asymptoticmatching to
construct an accurate composite solution. Both the numerical and
analytical solutions are simpler and more easily obtained than the
solution of the original problem, and the overall solution procedure
is accurate and computationally ef® cient. The ANM approach has
the ability to provide a high degree of spatial resolution in local
areas without great computational burden.

ANM ® nds accurate solutions to physical problems having small
scales or rapid variations that challenge the accuracyof the numeri-
cal method.In ANM, anarti® cial smoothingof the physicalproblem
is introduced.The smoothing length scale must be smaller than the
large lengthscales in the problem,but larger than the scale of numer-
ical discretization.Because the smoothinglengthscale is larger than
the scale associatedwith the numericaldiscretization,the numerical
solutionof the smoothed problemis very accurate.However, the ac-
tual problem has a physical length scale smaller than the numerical
discretization. The local region associated with the small scale is
solved separately (usually analytically,but sometimes numerically)
as a high-resolutionlocal problem that captures the small scales and
rapid variations. This local problem, because of its idealizations,
becomes invalid with increasing distance from the local region of
rapid change.

The numerical problem and the local problem are combined by
asymptotic matching to form a composite solution. ANM utilizes a
matching procedure similar to the method of matched asymptotic
expansions (MAE), but otherwise it differs from MAE in several
important ways. The ANM approach requires a matching solution

that is similar to the local problem but is solved with the smoothing
imposed. The smoothing length scale is the largest scale associated
with the local region, but is still small compared to global scales.
This scale separation allows these local solutions (high resolution
and matching) to be solved with simpli® ed geometry. The compos-
ite solution is then given by the low-resolution global numerical
solution plus the high-resolution local solution minus the match-
ing solution. In the local region, the matching solution subtracts
away the local error associated with the smoothed numerical solu-
tion, leaving the local solution. Far from the local region, the local
solution and the matching solution cancel, because they become
identical beyond the smoothed region. For the method to work well,
the degree of smoothing must be chosen to achieve a mathematical
overlap so that the transition zone between the local and numerical
solutions is accurate.

III. Problem Formulation
A. Governing Equations

In general, the governing equation of linear, compressible, un-
steady potential ¯ ow can be written15 , 16
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The equation is derivedby assuming small disturbancesabout a uni-
form freestreamof compressible¯ uid of velocityU 1 and is referred
to as the convective wave equation. Further details of the deriva-
tion can be found in the cited references.14 , 15, 17 Note, however, if
U 1 = 0 then Eq. (1) becomes the simple wave equation, which
governs linear acoustics, and if a 1 ! 1 , it becomes Laplace’s
equation, which governs incompressible aerodynamics.

When solving boundary value problems associated with Eq. (1),
the solutions appearing in relation to Green’s theorem18 , 19 and
Kirchhoff’s formula17, 20 are of special signi® cance.15, 17 These so-
lutions are primarily extensions of the familiar concepts of sources
and doublets from the theory of incompressible aerodynamics and
acoustics.21, 22

Kirchhoff’s formula, the analytical statement of Huygen’s prin-
cipal for sound waves,23 may be expressed as a surface integration
giving the potential at any point in the ® eld in terms of a surface
distributionof sources and doublets.Kirchhoff’s formula for a ® xed
surface S and a subsonic uniformly moving medium can be ex-
pressed as
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where the quantities R and D given by

R = Ï (x ¡ n )2 + b 2[(y ¡ g )2 + (z ¡ f )2]

D = (1/ b 2)[¡ M(x ¡ n ) + R] b = Ï 1 ¡ M2

are designatedthe amplituderadiusand phase radius, respectively.17

If we recognize that Eq. (2) can be written in terms of the jump in
potential D } on the boundary S,18, 19, 24 the ® rst term in the Eq. (2)
becomes a source of strength @D } / @n in uniform rectilinear mo-
tion with the reference coordinate system attached to the source.
Similarly, the second term becomes a uniformly translatingdoublet
of strength D } . In both cases, the source and doublet strength are
arbitrary functionsof time. Assuming a harmonic time dependence,
and denoting the source and doublet strengths, respectively, as r
and l , Eq. (2) becomes

Å} (x , y, z) =
1

4 p *
S
{r

e ¡ i x s

R ¡ l
@

@n

e ¡ i x s

R }dS (3)

where } = Å} ei x t and s = D/a 1 .
EvaluatingEq. (3) on the surface S producesan integral equation

for Å} . If U 1 = 0 then Eq. (3) becomesa solution to the simple wave
equation,and if a1 ! 1 , it becomes a solution to Laplace’s equa-
tion. Therefore, when considering an arbitrary lifting surface in an
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in® nitemedium,we take S to be thesurfaceof thebodyand thewake.
The boundary conditions can be speci® ed as a Neumann problem,
a Dirichlet problem, or some combination of the two. Speci® cally
for the work in this paper, a Neumann boundary condition was as-
sumed. This simply requires taking the normal derivativeof Eq. (3),
thereby recasting the problem in terms of the known normal wash
speci® ed on the surface S, which includes the body surface and the
wake, and the unknowns r and l .

In general,a boundaryelement or panelmethod is producedwhen
the surface is discretely approximated by a contiguous set of small
elements or panels.Typically, the panels are quadrilaterals.The sin-
gularity strength can be constant over the panel or vary in some
higher-order fashion. In the case of steady aerodynamics, a con-
stant strength doublet panel representation is equivalent to a vortex
lattice. Using the discrete representation, the integral equation is
evaluated at collocation points. Thus, a set of algebraic equations
for the singularity strengths on the panels is obtained:

[ @Ã}
@n ]

k

=
1

4p Sbody

Ak j r j +
1

4 p Sbody

Bk j l j +
1

4 p Swake

Dk j l j (4)

The in¯ uence coef® cients depend only on the geometry, not the
boundary conditions and, therefore, are ® xed for rigid body motion
and a prescribed wake geometry.

B. Smoothed Doublets
The ANM smoothed global solution, as shown in Fig. 1, is con-

structed by an overlapping distribution of smoothed doublet solu-
tions to Eq. 1. A smoothed doublet is analogous to the familiar sin-
gular doublet solution for compressible unsteady ¯ ow, except there
is a spatial distribution of doublet strength density.6¡ 9,14 Smoothed
doublets (shown in Fig. 2), are nonsingular everywhere, and away

Fig. 1 ANM smoothed global solution constructed from an overlap-
ping distribution of smoothed aerodynamic doublets.

a) Discrete and smoothed doublets

b) ANM high-resolution local solutions

c) ANM low-resolution matching solutions

Fig. 2 Building blocks of the ANM solution.

from the distributionregion, they asymptoticallyapproach the same
behavior as an equivalent singular doublet with the same aggregate
strength. Note that Fig. 2 is for illustration purposes only and, in
fact, the smoothed doublet exhibits a far more complex shape in
terms of doublet strength and velocity distribution than that shown.
Smoothed doublets can be constructed from singular doublets by a
simple transformation of the radial variable,

R ! Rs = Ï (x ¡ n )2 + b 2[(y ¡ g )2 + (z ¡ f )2 + r 2
c ]

or

R2
s = R2

+ b 2r 2
c

where rc is the additional smoothing length scale, the source origin
is located at ( n , g , f ), and a ® eld point is denoted (x, y, z). This
construction can be done so that a velocity potential exists.6, 7, 14

Overlapping discrete smoothed doublets have been shown to ap-
proximate a continuous distribution accurately.6,8,9,14 In three di-
mensions, the potential for a smoothed source in rectilinear motion
with harmonic source strength, therefore, can be written

Å} sourcesmooth = ¡ ( r / 4 p Rs)e ¡ i x s s (5)

where the time factor is suppressed and s s is de® ned as

s s = (Ds/ a1 ) = (1/ a 1 b 2)[ ¡ M (x ¡ n ) + Rs ]

The associatedvelocity and pressure ® elds can be found directly by
differentiation.Distributingoverlappingdiscretesmootheddoublets
over an aerodynamicsurface and associatedwake is an ef® cientway
to calculate a low-resolution smoothed global solution. This global
solution, however, must be corrected by the addition of local solu-
tions to recover the correct high-resolution answer to the original
problem.

Equation (5) is a smooth functionand no longer singular.There is
a smooth spatial distribution of source strength concentrated about
the origin of a smoothed doublet. As a result, the potential, ve-
locity, or pressure all approach a constant value as R ! 0 be-
cause Rs ! b rc . Note, however, as R gets large, namely, R À rc ,
that these values asymptotically tend quickly toward the potential
value without the smoothing imposed. In the limit when rc ! 0, the
nonsmoothed potential, velocity, and pressure are recovered. The
smoothed functions can be formally interpreted in a mathematical
senseas convolutionintegralsof thenonsmoothsingularresultswith
a suitable smoothingkernel function.25 Note that the radial smooth-
ing used in the present work is fully self-consistent, and, therefore,
two dimensional results can be simply obtained in closed form by
direct integration of the three-dimensional results.

The smoothing operation takes a discrete singularity, a doublet
in this case, and replaces it with a continuous distribution having
the same net strength and the same far-® eld behavior. As a result,
the region over which the singularity is distributed is no longer
divergence free, although it is irrotational. The governing equation
is then a inhomogeneousform of the convectivewave equation [Eq.
(1)] with a distributed source/sink distribution on the right-hand
side. Because a doublet was smoothed to make this distribution,
the distributed terms look like a source distribution above the axis
and a sink distributionbelow. However, this distributioncan also be
interpreted as a spatial distribution of doublets.

When the ANM solution procedure separates the problem into
local and global parts, as illustrated in Fig. 3, the global solution
and the local matching solution are not divergence free and do not
satisfy the homogeneous convective wave equation, but rather the
inhomogeneousform of the equation.When the composite solution
is constructedfor this linear problem, the distributedsource/sink ef-
fects from the global and matching solutions cancel (after all, their
equalandoppositenaturewas thebasis fordecomposingthe solution
in Fig. 3), and the composite solutiondoes satisfy the homogeneous
equation.

This part of the solution procedure, which involves a decompo-
sition by adding and subtracting smoothed singularities, is actually
one of the keys to how the method works. Understandingthe role of
smoothing is a subtle point, especially since the smoothing cancels
out in the ® nal answer. This process is one of the real innovations
of the ANM method.
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Fig. 3 Schematic representation of the ANM solution methodologyfor
aerodynamics.

C. ANM Aeroacoustics

A distributionof smoothed doublets, as given by Eq. (5), is added
and subtracted to Eq. (3) (without the source term), with no net
change in the equation, giving
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where b denotes the body surface and w denotes the wake surface.
Combining the two integrals in the second term on the right-hand
side and taking the normal derivative gives
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where Åvn denotes the velocity normal to the surface, following the
notation convention vn = Åvnei x t . Notice that the integrand in the
second term on the right-hand side of Eq. (7) becomes negligible
when r À rc, because Rs ! r , s s ! s , and the valueof the smooth
doublet kernel functionapproaches that of the singular kernel func-
tion, and they asymptoticallycancel each other. The contributionof
this integral becomes signi® cant only when r = O(rc).

On the surface Sb + Sw where Åvn is speci® ed, there is a small
region Src about p = (x , y, z) where r = O(rc). Most of the contri-
bution to the integral comes from this region Src

immediately about
p. Therefore, the bounds of integration can be modi® ed such that
the integrationis done on any surface Smod that contains Src

, without
changing the ® nal result.

Because of the local nature of the integral over Smod , a series
expansionabout p = (x , y, z) canbewritten for the doubletstrength
density

l ( p + D r) = F( D r)
1Sk = 0

1

k!
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where D r is the vector change in position on the surface, p is the
vector location of p, and F( D r) is a weighting function having to
do with the local solution,discussed in the next section.Essentially,

F( D r) is included because the doublet strength density may be
nonanalytic approaching the edges of the lifting surface. Only the
® rst few terms in the series are necessary; however, at this point
the entire series is retained for completeness.Substituting the series
expression into Eq. (7), and changing the bounds of integration on
the second integral from Sb + Sw to Smod gives
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This can then be rewritten as
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where
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Å} local
k is the local potential, and in Eq. (11) it is written in terms of an

integral over the surface Smod. This integral represents a family of
simple ¯ ow solutionsto the convectivewave equation,which can be
foundby perturbationmethodsand separationof variables.As such,
the explicit integration of Eq. (11) is not required. Equation (10) is
the fundamental integral equation of the ANM boundary element
method. In two dimensions Eq. (10) becomes
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Again Å} local
k represents simple ¯ ow solutions to the convectivewave

equation, the caret notation denotes two dimensions, C mod is a
contour that contains C rc , and the series expansion is taken about
p = (x , z).

Note that, if the point p is not on the surface SB + Sw , Eqs. (10)
and (12) are integral representations of the normal velocity ® eld,
in terms of the normal velocity ® eld on the surface Sb + Sw . If
the point p is on Sb , Eqs. (10) and (12) become inhomogeneous
Fredholm integral equations of the ® rst kind, relating the known
normal velocity Åvn to the unknown values of l on Sb , where the
values on Sw can be explicitly determined from the values on Sb .
At this point, the advantage of using Eqs. (10) and (12) may not
be clear; however, it will be shown that due to their smooth na-
ture these equations are advantageous for numerical implemen-
tation.

Examining the terms in Eq. (10) in greater detail reveals the re-
lationship between the original problem [Eq. (3)] and the problem
cast in terms of ANM. The ANM methodology breaks the prob-
lem up into global and local constituent parts. It will be shown
that the ® rst term on the right-hand side of the equation embodies
smoothed global effects, ultimately treated numerically, whereas
the second term is a local correction that can be found analyti-
cally.

The relationshipbetween the original problem and its ANM con-
stituent problems is shown in Fig. 3, which depicts the ANM de-
composition of the original linear problem. As a ® rst step, equiva-
lent smoothed singularity distributions are added to and subtracted
from the original problem. Because these smoothed distributions
exactly cancel, the net result is unchanged.However, the singularity
distributions can also be regrouped. The ® rst smoothed singularity
distribution can be viewed as the low-resolution smoothed global
problem and can be represented by discrete overlapping smoothed
doublets as shown in Fig. 3 (also see Fig. 1). The second (original)
distributionand the third (smoothed) distributioncan be combined.
When this is done, these two distributions always cancel asymp-
totically at points away from the point of evaluation, because they
have the same far-® eld limiting behavior. Thus, only the local be-
havior of these distributions ultimately matters. For convenience,
they can be evaluated as if they are part of an in® nite sheet (or a
semi-in® nite sheet if near an edge). Using a Taylor series expansion
of the singularity strength distribution in this local region, it can be
shown that these local solutionscan be expressed in terms of simple
¯ ow® elds obtained from the governing equation by separation of
variables.6¡ 9,14

D. ANM Local Correction

The ANM local correction6¡ 9,14 is the differencebetween a high-
resolution local solution based on singular doublets and a corre-
sponding smoothed local solution, called the matching solution,
based on smoothed doublets. Figure 2 shows sketches of local so-
lutions for surfaces and near edges. The difference between these
solutions cancels far away, because they have the same limiting be-
havior in the far ® eld. Therefore, the far-® eld shape and behavior is
unimportant, allowing very simple solution forms to be used. Ap-
propriatehigh-resolutionlocal solutionson surfaces and near edges
can be found by separation of variables, perturbation methods, or
by direct integration over singular doublet distributions of in® nite
or semi-in® nite extent. Matching solutionscan found by integration
over correspondingsmoothed doublet distributions,or by a special
variable separation technique combined with an equivalent singu-
larity displacementmethod called the split sheet analogy.6 In model
problems solved to date, the variable separationmethods have been
easier and more physically insightful.

The local correction is based on the second term on the right-
hand side of Eq. (10), which represents the difference between a
distribution of conventional doublets and smoothed doublets. The
difference between these distributions cancels far away; therefore,
the far-® eld shape and behavior is unimportant,allowing for simpli-
® cation in the evaluation of the integral. The domain of integration
only needs to be geometricallycorrect immediately about p. In par-
ticular, when consideringa ¯ at surface, for convenience,the bounds
of integrationcan be taken to in® nity. The integration is done on an

in® nite ¯ at surface (a contour in two dimensions) with p located at
the origin, given by
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where Lw denotes the net local correction. Any effects from the
far ® eld will cancel, leaving only the local difference between the
smoothed and conventional distributions. Therefore, in practice,
only the ® rst few terms in the series need to be retained. Special
consideration is made for edges, due to the additional length scale
that measures from the tip of the edge to p. A point p is determined
to be close to the edge if it is a distance of O(rc) from the edge. In
this case, the integrationis takenover semi-in® nite boundsalong the
edge coordinatedirection, starting at the edge, where p is located a
distance l inboard of the edge
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The contribution of the distribution of conventional doublets in
Eqs. (14) and (15), the ® rst term in the square brackets, is called
the high-resolution local solution. It contains the details of the lo-
cal ¯ ow structure, including the local gradients. Looking specif-
ically at this part of the integral, it can easily be shown that the
high-resolution local solution consists of exact solutions to the
convective wave equation on an in® nite or semi-in® nite domain.
This is because it consists of integral distributions of freespace
Green’s functions with varying strength distributions given by the
terms in the series, which explicitly satisfy the boundary condi-
tions. As such, by considering the terms in the Taylor series of
the doublet strength distribution in Eqs. (14) and (15), the ¯ ow-
® eld about a control point can be deduced in terms of simple
exact solutions to the convective wave equation on an in® nite
domain.

Therefore, using the Taylor series as a guide, perturbation solu-
tions to the convective wave equation can be found that match the
power of each term in the series and represent an approximation to
the integrated singular Green’s function distributions given in Eqs.
(14) and (15). As noted earlier, the series can be truncated at any
desired accuracy; however, depending on Smod, care must be taken
to assure that the resultingintegralsare uniformlyconvergent.In the
present implementation, the series was truncatedafter the quadratic
terms.

The contributionof the distributionof smoothed doublets in Eqs.
(14) and (15), the second term in the square brackets, is called
the matching solution. It cancels the global solution locally, and
the local high-resolution solution globally, thereby asymptotically
matching the global solution to the local high-resolution solution.
The matching solution is precisely a smoothed version of the high-
resolution local solution.

The smoothing, as shown in Fig. 2, can be done by any suitable
means; however, a technique called the split-sheet analogy is effec-
tive. This approach is based on the observation that the smoothing
process is similar to viewing a singular solution at an offset loca-
tion. In particular, consider the smoothed doublet velocity ® eld by
taking the appropriate derivative of Eq. (5). When viewed in the
z = 0 plane, which is the surface on which the downwash is eval-
uated, this expression can be shown to be the same as that for a
discrete sourceand sink displaceda distancerc above and below the
z = 0 plane, respectively,provided the doublet strength and source
strengthare related as l = 2rc r . It follows that a sheet of smoothed
doublets on z = 0 can be replaced by corresponding sheets of dis-
crete sources and sinks, offset above and below z = 0 by distance
rc. For the calculation of downwash, smoothing a doublet sheet is
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equivalent to splitting the doublet sheet into its constituent source
and sink sheets displaced an appropriate amount. This approach
leads to a simple way to construct smoothed local solutions using
separation of variables. Because the local solutions can be inter-
pretedbasic ¯ ows obtainedby separationof variables,the smoothed
local solutions used for matching can also be obtained in a similar
manner. However, these ¯ ows must be associated with source/sink
surfaces, rather than doublet surfaces. Furthermore, the downwash
associated with these surfaces must be evaluated at positions offset
above and below the surfaces a distance rc . This approach, which
has been veri® ed by other means (direct integration of the kernel
function), has been found to be particularly straightforward and
insightful.

The net local correction is the difference between the high-
resolution local solution and the matching solution, the terms in
the square brackets of Eqs. (14) and (15). For a ¯ at surface with
coordinates (x , y), the net local correctionLw , at the point (x1, y1),
in terms of upwash is given by

Lw = n ¢ (( 1

4p * 1
¡ 1 * 1

¡ 1 {l (x1, y1) + (x ¡ x1)
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where the truncated Taylor series has been substituted into Eq.
(14) and F is taken as unity. The expansions are truncated to

O[(krc)
3].

It is documented in the literature26 , 27 that for two-dimensional
subsonic ¯ ow about edges there is a 1

2
-power singularity in the

tangential velocity component just inboard of an edge. Therefore,
at an edge in two dimensions or suf® ciently close to an edge in
three dimensions, the doublet strength distribution can expected to
be expanded in powers of 1

2
:

l edge(x) = c0x
1
2 + c1x

3
2 + O( x

5
2 ) (17)

where c0 and c1 are arbitrary constants.
In three dimensions, Eq. (17) can be thought of as the leading or-

der term in an asymptotic expansion,becausevery close to an edge,
the two-dimensional terms dominate the three-dimensional terms
in the solution. This can be demonstrated with a simple perturba-
tion expansion about the edge. Trouble could possibly arise at the
wing tip corners, where two edges are present. Here, however, the
¯ ow® eld can be modeled with conical ¯ ow solutions.26, 28 Numer-
ical experimentation has shown that the conical ¯ ow solutions are
not required for suf® cient accuracy. If, however, higher accuracy is
needed, higher-order wing tip corner solutions can be constructed
from conical ¯ ow solutions.

Therefore, the weighting function Fin Eq. (8) should be p ( D r )
for the edge panels (unity elsewhere), and the expansion is taken
about the edge rather than about p. As mentioned earlier, this is
because the doublet strength distribution becomes nonanalytic at
the edge. At any point l on the surface near the edge, c0 and c1 can
be determined in terms of the derivative of Eq. (17), ignoring terms
of O(x3/ 2), such that

c0 =
3

2

l edge(l)p l ¡ p l
d

dx
[ l edge(x)]x = l

(18)
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1

p l

d

dx
[l edge(x)]x = l ¡

1

2

l edge(l)

l
3
2

The series expansion of the doublet distribution for an edge [Eq.
(17)] can now be written in terms of the doublet strength density
and its derivative as

l edge(x) = ( 3

2

l edge(l)p l ¡ p l
d

dx
[l edge(x)]x = l) x

1
2

+ ( 1

p l

d

dx
[l edge(x)]x = l ¡

1
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l
3
2

) x
3
2 (19)

where x can be any coordinate direction inboard of the edge.
After substitutionof Eq. (19) into Eq. (15) and evaluation[similar

to Eq. (16)], the corresponding correction in terms of upwash for
edges is
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the next term in the expansion is O[(r )5/ 2], where

r = Ï (x/ b )2 + r 2
c h = arctan( b rc/ x)

c = M/ b = M/ Ï 1 ¡ M2 b = Ï 1 ¡ M 2

The preceding integrationswere done using the split-sheetanalogy.
Therefore, the calculation of each integral involved Taylor series
expansions of the nondimensional grouping (krc) or (kr ). It fol-
lows that each solution is valid for (krc ¿ 1) or (kr ¿ 1), unless
additional higher-order terms are kept in the expansions. Numeri-
cal practice has shown, however, that this limitation is rather weak.
Casesevenonly looselyadheringto the limit (krc ¿ 1) or (kr ¿ 1),
namely, (krc < 1) or (kr < 1), performed well in comparison with
available closed-form results.

E. Composite ANM Solution
Following the development of Fig. 3, the preceding discussion,

and the cited references,6¡ 9,14 the ANM composite solution sat-
is® es the integral equation given by Eq. (21). The composite so-
lution is formed from the low-resolution global solution, plus the
high-resolution local solution, denoted Lin Eq. (21), minus the
low-resolution local matching solution, denoted Min Eq. (21). As
Eq. (21) indicates, the local solutions scale with doublet strength,
as does the global solution,

@ Å}
@n

= ¡
1

4 p *
S
{l

@2

@n2

e ¡ i x s s

RS
}dS + l L¡ l M (21)

An interesting feature of the ANM composite solution is that
all its constituent parts are functionally smooth. In fact, it is only
vaguely reminiscentof a traditionalpanel method. The surface S of
Eq. (3) is no longer discretely approximated by a contiguous set of
panels, but, rather, a discrete distribution of overlapping smoothed
doublets.Therefore, the idea of a surfaceof contiguouspanelsexists
onlywith regardto the spacingbetweenadjacentsmootheddoublets.
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This smoothness leads to accurate, rapidly converging numerics.
In addition, the analytical aspects of the problem are well de® ned
and well behaved. In contrast to traditionaldiscretizedcalculations,
there is no ambiguity as to whether local averages or point values
of variables, such as pressure, are being computed on panels. ANM
computes local values of variables and even handles singular be-
havior at edges in a formal manner that allows singularity strength
to be determined. Sources of error are quanti® able, and there is a
procedure for extending the method to higher-order accuracy.

IV. Numerical Results
This section presents results for ANM boundary element calcu-

lations of linear, unsteady,compressible ¯ ow about lifting ¯ at plate
airfoils in two dimensions and rectangular wings in three dimen-
sions. Calculations include the aerodynamic loading and far-® eld
acoustic radiation from unsteady heave or pitch and nonuniformin-
¯ ow conditions.Comparison is made with classical solutions when
possible.

In previous work, the ANM methodology has been applied to
both steady linear aerodynamics6 and linear acoustics.8 In both ap-
plications, the method has been rigorously veri® ed by comparison
to classical solutions. To this end, steady compressible and incom-
pressible aerodynamic problems have been modeled accurately. In
addition, a multitude of acoustic problems have been addressed,
including: ¯ uid loading, acoustic scattering, and radiation calcu-
lations. Throughout this developmental work, the ANM boundary
element method proved to be a robust and versatile methodology
providing accurate results.

Two familiar problems from the theory of classical unsteady
aerodynamics are the Theodorsen problem,29 namely, a ¯ at plate
airfoil subject to harmonic unsteady heave and pitch, and the von
KÂarmÂan±Sears problem30 or that of an airfoil encountering a har-
monic nonuniformin¯ ow. Both of these problems involve unsteady
incompressible ¯ ow (k ¿ 1), for which there are readily available
exact analytical solutions.

Consider the lift due to a harmonic nonuniform in¯ ow; Fig. 4
shows both components of the complex lift as a parametric func-
tion of the reduced frequency kr . The imaginary component of the
lift is plotted along the ordinate and the real component along the
abscissa. The calculation used 100 smoothed doublets along the
chord, with a smoothing radius rc of 1.5 times the doublet spac-
ing ds . This large number of doublets assures that the effects of
the higher reduced frequencies are accurately captured. The lift is
nondimensionalizedby the freestream velocity U 1 , the freestream
density q 1 , the semichord b, and the gust velocity Wg . There is
excellent agreement between the ANM and the exact solution using
von KÂarmÂan±Sears theory. The same results were calculated inde-
pendent of control point/in¯ uence point positioning.This issue will
be addressed in greater detail later. Similar calculations were done
for a ¯ at plate subject to harmonicallyvaryingheave, and the ANM
results compare favorably to the exact unsteadylift calculationdone
using Theodorsen theory.9

Fig. 4 Complex lift due to unsteady harmonic nonuniform in¯ ow as a
parametric function of reduced frequency.

Fig. 5 Surface perturbation pressures for an oscillating ¯ at plate air-
foil: kC = 100, kr = 100, M = 0.5, rc/ds = 1.75, kb = 50, and
¸/C = 2¼/100.

Fig. 6 Upper and lower surface pressure difference for an oscillating
¯ at plate airfoil: kC = 0.1, kr = 0.5, M = 0.1, rc/ds = 1.5, kb = 0.05, and
¸/C = 62.8.

In Fig. 4 the ANM method accuratelycaptures the unsteadyaero-
dynamics across a wide range of reduced frequencies. The small
discrepancies between the ANM solutions and the exact solutions
are due the discrete nature of the ANM solution. In previous steady
aerodynamic calculations,6 the ANM method was found to con-
verge with as few as 10 smoothed doublets along the chord. In fact,
for unsteady calculations the number of doublets needed is slightly
greater than that required by the Nyquist criterion, approximately
® ve or six doublets per wavelength.

Next consider a ¯ at plate airfoil at high frequency,kC = 100, in
a mean convective freestream, M = 0.5. Figure 5 shows the mag-
nitude of the pressure along the chord of the oscillating plate. The
frequencyof oscillationis considerablyhigh, over 30acousticwave-
lengths along the chord relative to upstream waves. In effect, this is
a compressible Theodorsen problem, a ¯ at plate undergoing heave
subjectto a convectivefreestream.Note, however,at higher frequen-
cies in the limit as k ! 1 , the results of piston theory31 should be
recovered.As shown in Fig. 5, the ANM calculationapproachesthe
anticipated piston theory limit. Note the complex wave structure of
the surface pressure distribution, clearly showing the interaction of
the upstreamand downstreamwaves. Althoughnot shown clearly in
the ® gure, the leading-edgesingularity is present.Because of the el-
evated frequencies involved in the problem, 500 smoothed doublets
were used to assurehighestaccuracy.Note, however, the calculation
could have been made with fewer smoothed doublets. The smooth-
ing radius was 1.75 times the doublet spacing, rc/ ds = 1.75.

Looking at a lower frequencyheave calculation,Fig. 6 shows the
magnitude of the pressure difference between the upper and lower
surface of the plate for kC = 0.1, M = 0.1 and kr = 0.5. The cal-
culation accurately captures the leading-edge pressure singularity,
and the trailing-edgepressure fall off. Right at the trailing edge, the
pressure is zero, as is expected,because the ¯ uid just downstreamof
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Fig. 7 Directivity pattern for an oscillating ¯ at plate airfoil: kC = 0.1,
kr = 5, M = 0.1, rc/ds = 1.5, R = 20C, kb = 0.05, and ¸/b = 62.8.

Fig. 8 Perturbation pressure difference distribution for a ¯ at plate
airfoil subject to nonuniform sinusoidal gust: kb = 2.5, kr = 6.25,
M = 0.4, rc/ds = 1.5, and ¸g/b = 1.

the trailing edge can not support a ® nite pressure difference across
the wake. The calculation used 100 smoothed doublets; however,
due to the low frequency, it could have been done with far fewer
doublets. In addition, Fig. 6 shows the real and imaginary parts
of the pressure difference. The pressure is dominated by the real
component at lower frequencies. Figure 7 shows far-® eld acous-
tic radiation directivity pattern plotted in decibels referenced to the
maximum value in the ® eld. The pressure is taken 20 chord lengths
from the center of the airfoil. The far-® eld acoustic radiation for
this case looks like that of an isolated radiating dipole, because
the plate is acousticallycompact compared to upstream wavelength
in the problem. Higher frequency plate oscillations were consid-
ered. As expected, more complex interactions between upstream
and downstream waves were evident in the calculations, primarily
due to larger convective velocities, and the fact that the plate was
no longer acoustically compact. Similar trends were found in the
far-® eld acoustic radiation directivity patterns.9

Next consider the response of a ¯ at plate airfoil to a nonuni-
form in¯ ow, much like a compressiblevon KÂarmÂan±Sears problem.
Figure 8 shows the chordwise pressure difference distribution cal-
culated for an airfoil subject to kb = 2.5, kr = 6.25, and M = 0.4.
The in¯ ow upwash velocity varies sinusoidially. In this calcula-
tion, the gust wavelength is half the chord length. This calculation
used 100 smoothed doublets along the chord. Just as with the heave
calculations, the ANM method accurately captures the behavior at
both the leading and trailing edges. Figure 8 also shows the real and
imaginary componentsof the pressure.Similar to the Sears function
results presented earlier, the pressure is nondimensionalizedby the
freestream density, sound speed, and gust velocity. Figure 9 shows
the real and imaginaryparts of the doublet strengthdistribution,and

Fig. 9 Real and imaginary components of the doublet strength dis-
tribution for a ¯ at plate airfoil subject to nonuniform sinusoidal gust:
kb = 2.5, kr = 6.25, M = 0.4, rc /ds = 1.5, and ¸g = 1.

Fig. 10 Directivity pattern for a ¯ at plate airfoil subject to nonuniform
sinusoidal gust: kb = 2.5, kr = 6.25, M = 0.4, rc /ds = 1.5, ¸g/b = 1, and
R = 20C.

Fig. 10 shows the directivitypatternof the radiatedfar-® eld acoustic
pressure. Higher gust frequencies were considered. As expected, a
more detailed structure was found in the far-® eld calculations.This
behaviorwas primarily due to the interferencecreated by the higher
frequency gust interaction.9

As discussed previously, the ANM method works in terms of
doublet strengthdensity, instead of potential, accelerationpotential,
or some other unknown. Therefore, the doublet strength per unit
chord is calculated, and the net lift, moment, pressure distribution,
and radiatedacoustic ® eld are calculatedfrom it. Figure 9 carries all
of the information that is in Fig. 8, along with the net lift and other
integrated properties of the ¯ ow® eld.

Looking at the effect of control-point/in¯ uence-point placement
in more detail, Fig. 11 shows the chordwise pressure difference
distribution, the real and imaginary components of the pressure,
and doublet strength distribution for a ¯ at plate airfoil subject to
a nonuniform sinusoidal gust, with kb = 1.6, kr = 4, and M =
0.4. The calculationsare almost completely independentof control-
point/in¯ uence-point placement. The control-point/in¯ uence-point
locations are indicated as the fraction of the effective panel size,
noted in the ® gure legend with control point location indicated ® rst.
The effective panel size is de® ned by the chord length divided by
the total number of smoothed doublets.

Figure 12 shows the ANM calculation of net doublet strength
for a ¯ at plate oscillating in incompressible ¯ ow as a function of
rc/ ds , normalized by the linear theory result for different control-
point/in¯ uence-point locations (denoted in the legend). To the left
of rc/ds = 1, the three curvesdivergedue to discretenesserrors.The
globalsolutionis no longersmooth; therefore,theANM global/local
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Fig. 11 Perturbation pressure difference distribution for a ¯ at plate
airfoil subject to nonuniform sinusoidal gust calculated using various
control-point and in¯ uence-point positions: kb = 1.6, kr = 4, M = 0.4,
rc/ds = 1.5, and ¸g/b = 1.57.

Fig. 12 ANM calculation of net doublet strength for a ¯ at plate oscil-
lating in incompressible ¯ ow as a function of rc/ds, normalized by the
linear theory result for different control-point/in¯ uence-point locations.

Fig. 13 Surface perturbation pressures for an heaving rectangular
wing (aspect ratio 3) in three dimensions: kr = 0.5 and rc/ds = 1.8.

solutionmatch is no longervalid.To the far right, the ANM solution
loses resolution when compared to the linear theory calculation,
because the global and local solutions are too smoothed. Again
the ANM global/local solution match is no longer valid, thereby
resulting in a loss of detailed resolution.The most important feature
of Fig. 12 is relatively large solutionoverlap region where the ANM
solution is independentof the smoothing parameter.

Consideringnow calculationsin three dimensions,Fig. 13 shows
an unsteady surface pressure calculation chordwise at the midspan

Fig. 14 Directivity pattern for a rectangular wing (aspect ratio 3) sub-
ject to harmonic heave: kC = 1, kr = 5, M = 0.1, rc /ds = 1.8, Á = 0, and
R = 20C.

for a rectangular wing of aspect ratio 3 subject to harmonically
varying heave, kr = 0.5, in incompressible ¯ ow. The calculation
was done using the ANM methodology and also with an unsteady
vortex lattice formulation. The two methods compare favorably.
The calculation used a grid of 60 £ 20 smoothed doublets, with a
smoothing radius rc of 1.8 times the doubletspacingds . The surface
pressure is nondimensionalizedby the freestream velocity U 1 , the
freestream density q 1 , and the heave velocity wheave .

Looking at a compressible heave calculation, speci® cally the
aeroacoustics, Fig. 14 shows the far-® eld acoustic radiation direc-
tivity for a harmonically heaving rectangular wing of aspect ratio
3 with kC = 1, M = 0.1, and kr = 5. The calculation used a
grid of 60 £ 20 smoothed doublets. The pressure is taken 20 chord
lengths from the geometric center of the wing. Directivity patterns
are taken about the chord, h = 0 in spherical coordinates,and about
the span, h = p / 2. In both planes, the far-® eld acoustic radiation
for this case looks like that of an isolated radiating doublet in three
dimensions, because the wing is acoustically compact compared to
upstream wavelength in the problem. The pressure is reference to
the maximum pressure occurring in the ® eld.

Examining a higher frequency and Mach number, Fig. 15 shows
the far-® eld acoustic radiation directivity for a harmonically heav-
ing rectangular wing of aspect ratio 3 with kC = 5, M = 0.5, and
kr = 5. The calculation used a grid of 60 £ 20 smoothed doublets.
The pressure is taken 20 chord lengths from the center of the wing.
Directivitypatternsare taken about the chord, h = 0 in sphericalco-
ordinates, and about the span, h = p /2. In this case, the directivity
patternsshow more complexbehavior than in the previouscase.The
® rst directivity pattern shown in Fig. 15 exhibits a nonsymmetric
upstream/downstream structure due to the larger convection veloc-
ity, and interaction between upstream and downstream waves. The
wing is no longer acousticallycompact.This is especiallyevident in
the spanwise directivitypattern, h = p /2 (in the bottom of Fig. 15),
where a lobe structure is clearly evident.

Consider the response of a rectangular wing to a nonuniform
in¯ ow, much like a compressible von KÂarmÂan±Sears problem in
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Fig. 15 Directivity pattern for a rectangular wing (aspect ratio 3) sub-
ject to harmonic heave: kC = 5, kr = 5, M = 0.5, rc/ds = 1.8, Á = 0, and
R = 20C.

Fig. 16 Directivity pattern for a rectangular wing (aspect ratio 3) sub-
ject to a nonuniform sinusoidal gust: kC = 0.5, kr = 0.5, M = 0.5,
rc/ds = 1.8, Á = 0, and R = 20C.

Fig. 17 Directivity pattern for a rectangular wing (aspect ratio 3) sub-
ject toanonuniformsinusoidalgust:kC = 5,kr = 5,M = 0.5, rc /ds = 1.8,
Á = 0, and R = 20C.

three dimensions. Figure 16 shows the far-® eld acoustic directivity
for an aspect ratio 3 rectangular wing with kC = 0.5, kr = 0.5,
and M = 0.5. The in¯ ow upwash velocity varies sinusoidally. In
this calculation, the gust wavelength is approximately 12.5 chord
lengths; therefore, the wing is acousticallycompact. This is evident
in Fig. 16, where the directivity patterns are taken about the chord,
h = 0, and about the span, h = p /2, in which both calculations
look like that of an isolated radiating doublet in three dimensions.
The calculation used a grid of 60 £ 20 smoothed doublets.

Considering a higher frequency gust, Fig. 17 shows the far-® eld
acousticdirectivityfor an aspect ratio 3 rectangularwing with kC =
5, kr = 0.5, and M = 0.5. The calculation used a grid of 60 £ 20
smoothed doublets.The pressure is taken 20 chord lengths from the
center of the wing. Directivity patterns are taken about the chord,
h = 0, and about the span, h = p /2. In this case, the directivity
patternsshow more complexbehavior than in the previouscase.The
® rst directivity pattern shown in Fig. 15 exhibits a nonsymmetric
upstream/downstreamstructuredue to the convectionvelocity in the
problem and interactionbetween upstream and downstream waves.
The wing is no longer acoustically compact. This again is clearly
evident in the spanwise directivity pattern, h = p /2 (in the bottom
of Fig. 17), where a lobe structure is evident.

V. Concluding Remarks
A boundary element method based on smoothed fundamental so-

lutions to the convective wave equation has been developed and
applied successfully to linear aeroacousticproblems. The formula-
tion is based on a technique called analytical/numerical matching,
which offers a fresh point of view on classical lifting surface theory
by solving the problem by a fundamentally different means. The
ANM approach breaks the problem up into global and local con-
stituent problems that are de® ned by the physical length scales of
the problem and an additional smoothing length scale.

The ANM approachnot only offers a uni® ed aeroacousticmethod
for lifting surface aerodynamics and acoustics but is also free from
many of the traditional problems associated with the numerical
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solution of singular integral equations. The ANM boundary ele-
ment formulation leads to accurate solutions and rapid numerical
convergence, and it is free from the ambiguity present in many tra-
ditional singularity methods.

In practice, ANM is a simple methodology that offers high-
resolution aerodynamic and acoustic calculations in the framework
of a uni® ed aerodynamic theory.
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